THE NUMBER OF ORDER 2 ELEMENTS IN DIHEDRAL
GROUP

GOEUN HAN!

1. INTRODUCTION

There are various procedures that could be applied to n-gon with n > 3. The
dihedral group D,, is a group defined by the result of carrying out rotation and
reflection to the n-gon. In this paper, we will look at the elements of D,,, figure out
the properties of the elements, and evaluate the number of order 2 elements based
on the value of n.

2. ELEMENTS OF THE DIHEDRAL GROUP D,

Definition 2.1. Let D,, be an arbitrary dihedral group. Then r denotes a 27/n
counter-clockwise rotation across the center.

Example 2.2. In the dihedral group Ds, r represents counterclockwise rotations
about the center of 27/3 of an equilateral triangle. Notice that performing three
consecutive /3 counterclockwise rotation brings each vertex of the equilateral tri-
angle back to its original position.
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FIGURE 1. Rotations of equilateral triangle

Example 2.3. In the dihedral group Dy, r represents counterclockwise rotations
about the center of 7/2 of a square. Notice that performing four consecutive 7/2
counterclockwise rotation brings each vertex of the square back to its original po-
sition.

Definition 2.4. Let D, be an arbitrary dihedral group. Then s denotes a reflection
across the line connecting vertex 1 and the center of the n-gon as shown in figure
3 below.
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FIGURE 3. Possible lines of reflection for n-gon with n = 3, 4, 5, 6

3. PROPERTIES OF ROTATION AND REFLECTION

In this section, the following contents will be introduced:
basic properties of r and s
number of elements in D,,
sample multiplication table with D3, andDy.

Theorem 3.1. Let D,, be an arbitrary dihedral group. Then:
1) o(r) = n; and
ii) o(s) =2

Proof. i) Let r = (1,2,...,n). Then, r maps 1 — 2,2 — 3,--- ,n +— 1. Similarly,
2

r® maps 1 +— 3,2+ 4,---n+— 2. Then, observe a pattern such that for i € N and
i€{1,2,...,n}

(1) r%):{”’“ (mod n) ifi+k (modn)#0

n ifi+k (modn)=0
Then, r"~! maps 1 + n,2 + 1,--- ,n + n — 1. It then follows that 7" maps
1~ 1,2 2,---,n— n. Therefore, r" = e.

Observe 1 € {1,2,...,n}. Notice that r*(1) = 1+ k for k € N such that k < n.
Then, there is no k such that r¥(1) = 1. Then, n is the smallest positive integer
such that r™ = e. Therefore we can conclude that o(r) = n for all dihedral groups.

i1) First, suppose that n is even. Then, whenn = 4,s = (2,n) = (2, 4). Similarly,
forn >4, s=(2,n)0(3,n—1)o---0(5,5 +2). Then, as s is a composition of
2

2-cycle, s? maps all the elements to itself. Then, as s2 = ¢, o(s) = 2 when n is even.
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Now, suppose that n is odd. Then, when n = 3,s = (2,n) = (2, 3). Similarly, for
n>3s=(2n)oB,n—1)o---0 (”'2"1,’%“1 + 2). By similar argument, s?> maps
all the elements to itself. Then, as s? = e, 0(s) = 2 when n is odd. Notice that as
we exhaust all possible cases of n, we can conclude that o(s) = 2 for all dihedral

groups. ([

Lemma 3.2. Let D,, be an arbitrary dihedral group. Then srs™' =r~1.

Proof. A proof of the above theorem can be found in [I, Theorem 3.1]. (]

Theorem 3.3. Let D,, be an arbitrary dihedral group. Then sr = r~!s.

Proof. From Lemma 3.2, we know that srs~! = r—!. Notice that as s> = e,s™! = s.
Then,

1

srst=rl e srs=r"1

(since s? = e)
(2) <= srss=r"'s (multiplying both sides by s)
< sr=r"'s (since s* =¢)
(]

Theorem 3.4. Let D,, be an arbitrary dihedral group. Then, sr* = r=Fs for all
ke Z.

Proof. Let D,, be an arbitrary dihedral group, and let k € Z be arbitrary. We will
show that sr* = r—*s using induction.

When k = 1, sr® = sr. From Theorem 3.3, we know that sr = r—'s. Thus, the
claim holds when k = 1.

Now, assume the claim holds in the £ = jth case when j € Z and 2 < j. Then,
srd =r7Jls.
Finally, consider the case when k = j 4+ 1. Notice that
sl =175 = srir=rIsr (multiplying both sides by r)

= sl Tt =g
= srith = pipls (by Theorem 3.3)
= sl Tt = i1
gt — (D

Thus, as we let D,, be an arbitrary dihedral group and let k£ € Z be arbitrary, we
can conclude that sr® = r—Fs for all k € Z. O

Theorem 3.5. Let D, be an arbitrary dihedral group.
Then D = {e,r,r%,--- ;r" L s rs,r?s,--- ;7" "1s} and |D| = 2n.

Proof. Let D, be an arbitrary dihedral group. To begin with, we prove that

D= {e,r,r? - 7" s rs,r?s, - 1L}

Let us sketch a proof that all the elements of D,, constructed by compositions
of rotations r, reflections s, or both and are of the form r*s7 with k, j € Z. Notice
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that by using Theorem 3.4, we can move all the r to the left and all the s to the
right. For instance,

srsr®srd
= rlssrdsr® (by Theorem 3.4)
rtrdspr®
=rsr®
=7r?r s (by Theorem 3.4)
=73

2

"sr~2 to s and srs®r3s7 to r2s2.

By a similar method, we can reduce sr

Now assume that we reduced an arbitrary composition of rotations and reflec-
tions in D,, to r*s/ with aribtrary k,j € Z. Similarly, as we know from Theorem
3.1 that o(s) = 2,57 € {e, s}. Notice that o(r) = n and o(s) = 2. Then, there are
four cases that s’ can be simplified to.

First, consider a case when r* = e and s7 = e. Then, clearly r*s’ = ee = e.

Now, consider a case when r* = e and s/ # e. In such case, by Theorem 3.1,
s/ = s. Then, rFs? = es = s.

Next, consider a case when r* # e and s/ = e. Then, r*s/ = rfe = r*. No-
tice that as o(r) = n, r £ 12 # .- £ "L £Leand v/ € {r,r?,--- r""1 e} for
all j € Z. Since k € Z and r* # e, it then follows that 7*s7 = r¥ € {r 2 ... r7~11

Finally, consider a case when r* # e and s/ # e. From the third case, we
know that ¥ € {r,72,--- 7”71} and s/ = s. It then follows that 7*s/ = r¥s ¢
{rs,r%s,--- ,7""1s}. Also, notice that rs,7%s, - -- , 7" 1s are all distinct. Let r%s,r’s €
{rs,r?s,--- ,7r""1s} such that r®s = r’s. Then, multiplying s to both sides of the
equation, we get r® = r’. It then follows that a (mod n) = b (mod n). Yet, no-
tice that 1 < a,b < n. Then, it forces that a = b. So, for an aribtrary r%s,r’s €
{rs,r%s,--- ,r""1s}, if r%s = r’s when a = b. Therefore, we can conclude that
there exists n — 1 unique elements in D,, that can be simplified into the composi-
tions of both r and s.

Now we show that all elements of different cases are distinct. To begin with,
clearly, 7 # 72 # --- # r"~1 & ¢ as o(r) = n. So, e is distinct from all unique
elements from case 2. Similarly, as o(s) = 2, e is distinct from all unique elements
from case 3.

Next, we show that all the unique elements in case 2 are distinct from s, the
element in case 3. Suppose, for the sake of contradiction, that there exists k € Z
such that r* = s. Consider 1 € {1,2,...n}. By the definition of s,s(1) = 1. As
r* = s, it follows that r¥(1) = 1. Yet, based on the proof of Theorem 3.1,

Tk(l):{l—s—k (mod n) if1+% (modn)=£0

3
®) n if 1+%k (modn)=0.
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Then, notice that 7%(1) =1 <= 1+k (mod n) = 1 <= Ja € Z such that k = na.
As we assumed 7% = s, substituting k with na, we get r¥ = r"® = (#")® = e. Then,
as e = s, we have a contradiction. Therefore, we can conclude that 7% # s for all
k € N with 1 < k < n. So, we can conclude that all the elements in case 2 and
distinct from the elements in case 3.

Now, we prove that all the elements in case 4 are distinct from the elements in
case 2. Suppose, for the sake of contradiction, that there exists 7¢ and r°s with
a,b € Z such that 7 = rbs. Then, by multiplying both sides of the equation by
r~?, we get =0T = 5. Yet, notice that as r % is a composition of only r, it falls
into case 3, and earlier we proved that all elements that are created by composition
of only r are distinct from s. So, we have a contradiction and conclude that all the

elements of in case 4 are distinct from all the element in case 2.

Similarly, to prove that all the elements in case 4 are distinct from the element
in case 3, for the sake of contradiction we claim that there exists r%s from case 4
and s from case 3 such that r*s = s. By multiplying both sides of the equation
by s, we get r* = e. Yet, as r%s is an element from case 4, by assumption r* # e.
So, we have a contradiction. Therefore, we can conclude that all the elements of in
case 4 are distinct from all the element in case 3.

Finally, we show that all the elements in case 4 are distinct from the element in
case 1. Suppose, for the sake of contradiction, that there exists an element r¥s in
case 4 such that r¥s = e. Multiplying both sides of the equation by s gives ¥ = s.
Yet, notice that as r* is in case 4, r* # e. As it is the composition of only rotation,
r* is in case 1 and we have shown that all the elements in case 1 are distinct from
s. So, we have a contradiction. Therefore, we can conclude that all the elements
of in case 4 are distinct from all the element in case 1. Thus, we have proven that
all the elements in each of the cases are distinct from one another. Also, it follows

that D = {e,r,r%, - ;7" L s rs,r2s,--- " 1s).

Now, we calculate the size of D,,. To begin with, notice that there are only one
identity element. So, there is one distinct element that is in case 1. Next, we have
shown that there are n — 1 distinct elements in case 2 and 1 distint element in case
3. Also, we have shown that there are n — 1 unique elements in case 4. Therefore,
we can conclude that the size of D, is 1+ (n—1)4+ 14+ (n—1) = 2n. O

Example 3.6. D3 = {e,r,72,s,rs,r%s} and the multiplication in Dj is shown in
the table below.

2

Example 3.7. Dy = {e,r, 7%, 1% s,7s,7%s,7%s} and the multiplication in Ds is

shown in the table below.



GOEUN HAN!

o e T 7"2 rs 7"28
e e r 7’2 rs 7’28
r r T‘2 e rs 7’25 S
T2 7‘2 (& r TQS S rs
S S TQS rs 7‘2 r
rs rs S TQS r (& T2
7’25 1"25 rs S T2 r e

TABLE 1. Multiplication table for Dj

[¢] e r ’I"2 1"3 rs 7’28 7’35
(& (& r 7"2 7‘3 rs 7"25 3
r r 7'2 T'3 (& rs 7'28 7“38 S
T2 7"2 7"3 (& r TQS TSS S rs
7’3 7‘3 e r 7"2 ’1"38 S rs 7'28
S S 7“38 7"28 rs € 7“3 T’2 T
rs rs S 7“38 7"28 r e ’1“3 7’2
7”23 7"28 rs 7"38 7”2 r (& ’I“3
7’38 7’38 7’28 rs S 7"3 7"2 r e

TABLE 2. Multiplication table for D,

4. ELEMENT OF ORDER 2 IN THE DIHEDRAL GROUP

Theorem 4.1. Let D,, be an arbitrary dihedral group. Then, (r¥s)? = e for all
k € N such that k < n.

Proof. Let D, be an arbitrary dihedral group, and let £ € N be arbitrary with
k < n. We will show that (r*s)? = e using induction.
When k =1, (r¥s)? = (rs)? = (rs) o (rs). Then,

(rs)? = (rs) o (rs)
=Trosoros
(by associativity of D,,)

(by Theorem 3.3)

=ro(sor)os

1

=ror ~0S80S§

= €.

Thus, the claim holds when k = j.
Now, assume the claim holds in the £ = j — 1th case when 1 < j—1 < n—2. Then,

(r7=1s5)2 = (ri71ls) o (ri1s) = e.
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2

Finally, consider the case when k = j. Notice that (r7s)? can be written as

(r7s) o (r7s). Then,
(175)% = (17s) o (r's)
=riosorios

=rlosororilos

=rlo(sor)oriTtos (by associativity of D,,)
=rio(rts)ori~tos (by Theorem 3.3)
=@ torsoriTtos (by associativity of D,,)
= (ri7ts) o (ri71s) (by associativity of D,,)

= (ri7ts)%

By our assumption on (r7~1s)2, we can substitute (r/~1s)? with e. It then follows
that (17s)2 = e. Thus, as we let D,, be an arbitrary dihedral group and let k& € N be
arbitrary with k < n, we can conclude that (r¥s)? = e forall k € Nwith k <n. O

Lemma 4.2. Let G be a group and x € G. Then:
1)If o(x) = n and ™ = e, then n divides m.
16)If o(x) =n and (m,n) = d, then o(z™) =n/d

Proof. A proof of the above lemma can be found in [2, Theorem 4.4(ii, iii)]. |

Theorem 4.3. Let D, be an arbitrary dihedral group. Then the number of the
elements of order 2 is:

i) nif n is odd

i) n+ 1 if n is even.

Proof. i) Let D,, be an arbitrary dihedral group with n be odd number. From the
proof of Theorem 3.5, we know that D,, = {e,r,72,...r" L s rs, ..., 1" 1s}. To
begin with, clearly, the order of e is 1. So, e is not the element of order 2. We then
check if there is an element of order 2 of the form r* for 1 < k < n. We suppose for
a contradiction, that there exists 7% € {r,r2,...r"1} such that o(r%) = 2. Then,
(r*)? = e. By lemma 4.2, it follows that n divides 2. As we let n to be odd, we
have a contradiction. Therefore, we can conclude that r,72,...7""! are not the
elements of order 2. Next, we consider s. By Theorem 3.1, clearly o(s) = 2. So, s is
the element of D,, with order 2. Finally, we check all the elements of the form 7¥s
in D,, with k£ € Z and 1 < k < n. Notice that by Theorem 4.1, they all have order
2. From the proof for Theorem 3.5, we know that there are n — 1 elements of such
form. As these exhaust all the elements in D,,, we can conclude that the number
of the elements of order 2 is 1 4+ (n — 1) + 1 = n when n is odd.

1) Let D,, be an arbitrary dihedral group with n be odd number. From the
proof of Theorem 3.5, we know thatD,, = {e,r,r2, ...7" 1 s,7s,...,7""Ls}. From
the proof from part 4, we know that e is not the identity element. Also, by similar
argument, s and the elements of the form 7*s in D, with k € Z and 1 < k < n
have order 2. Now, we check the order of r,72,...r"~!. By Lemma 4.2, we know
that for r* € {r,r?% ...r" "1} o(r*) = n/(k,n). Let n/(k,n) = 2. Then, k = n/2.
Since n is an even number, n/2 € Z and 1 < n/2 < n. It then follows that



8 GOEUN HAN!

/% € {r,r2,...r" 1} and r™/? is the only element of the form 7* in D,, with order
2. As these exhaust all the elements in D,,, we can conclude that the number of
the elements of order 2is 1+ (n — 1) + 1+ 1 =n+ 1 when n is even. O
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